In this paper, we mainly consider the long-time behavior of solutions for the Cahn-Hilliard-Navier-Stokes system with dynamic boundary conditions and two polynomial growth nonlinearities of arbitrary order. We prove the existence of a finite dimensional global attractor for the Cahn-Hilliard-Navier-Stokes system with dynamic boundary conditions by using the ℓ-trajectories method.
Introduction
In this paper, we consider the following Cahn-Hilliard-Navier-Stokes system:
∇ · u = 0, (x, t) ∈ Ω × R + , ∂φ ∂t + u · ∇φ − γ∆µ = 0, (x, t) ∈ Ω × R + , µ = −∆φ + f (φ), (x, t) ∈ Ω × R + .
(1.1) Equation (1.1) is subject to the following dynamic boundary conditions
and initial conditions
where Ω ⊂ R 2 is a bounded domain with smooth boundary Γ and R + = [0, +∞), ν > 0 is the viscosity, λ > 0 is a surface tension parameter, α > 0, β > 0 are constants, γ > 0 is the elastic relaxation time, h(x) = (h 1 (x), h 2 (x)) is the external force, u(x, t) = (u 1 (x, t), u 2 (x, t)) denotes the average velocity and φ is the difference of the two fluid concentrations, p is the fluid pressure, n is the unit external normal vector on Γ, ∆ Γ is the Laplace-Beltrami operator on the surface Γ of Ω.
To study problem (1.1)-(1.3), we assume the following conditions: (H 1 ) the function f ∈ C 1 (R, R) satisfies that there exists a positive constant C 1 such that
for any u, v ∈ R and for any u, v ∈ R and
where c i > 0 (i = 3, 4), q > 2, k 2 > 0. Dynamic boundary conditions were recently proposed by physicists to describe spinodal decomposition of binary mixtures where the effective interaction between the wall (i.e., the boundary) and two mixture components is shortranged, and this type of boundary conditions is very natural in many mathematical models such as heat transfer in a solid in contact with a moving fluid, thermoelasticity, diffusion phenomena, heat transfer in two medium, problems in fluid dynamics. The well-posedness and long-time behavior of solutions for many equations with dynamical boundary conditions have been studied extensively(see [4, 5, 6, 12, 13, 14, 15, 17, 18, 26, 35, 36, 38, 37, 39, 45] ). For example, the global well-posedness of solutions for the non-isothermal Cahn-Hilliard equation with dynamic boundary conditions was proved in [19] . In [17] , the author proved the existence and uniqueness of a global solution for a Cahn-Hilliard model in bounded domains with permeable walls. The global existence and uniqueness of solutions for the Cahn-Hilliard equation with highest-order boundary conditions were proved in [39] . In [38] , the authors proved the maximal regularity and asymptotic behavior of solutions for the Cahn-Hilliard equation with dynamic boundary conditions. The fact that any global weak/strong solution of the Cahn-Hilliard equation with dynamic boundary conditions converges to a single steady state as time t → +∞ was proved in [12] . In [20] , the author proved the existence of a global attractor and an exponential attractor in H 1 (Ω) for a homogeneous two-phase flow model and established any global weak/strong solution converges to a single steady state as time t → +∞, and provided its convergence rate. In [18] , the author proved the existence of an exponential attractor for a Cahn-Hilliard model in bounded domains with permeable walls. The existence of a global attractor for the reaction-diffusion equation with dynamical boundary conditions was proved in [15] . In [35] , the authors proved the existence of an exponential attractor for the CahnHilliard equation with dynamical boundary conditions. In [47] , the authors proved the existence of a global attractor for p-Laplacian equations with dynamical boundary conditions by using asymptotical a priori estimates.The wellposedness of solutions and the existence of a global attractor of the Cahn-Hilliard-Brinkman system with dynamic boundary conditions was proved in [46] .
Diffuse-interface methods in fluid mechanics are widely used by many researchers in order to describe the behavior of complex fluids (see [3] ). A diffuse interface variant of Cahn-Hilliard-Navier-Stokes system has been proposed to model the motion of an isothermal mixture of two immiscible and incompressible fluids subject to phase separation (see [27, 28, 29] ). The coupled system consists of a convective Cahn-Hilliard equation for the order parameter, i.e., the difference of the relative concentrations of the two phases, coupled with the Navier-Stokes equations for the average fluid velocity. The Cahn-Hilliard-Navier-Stokes system has been investigated from the numerical (see [16, 31, 32] ) and analytical (see, e.g., [1, 2, 7, 8, 9, 22, 23, 24, 25, 42, 43, 48, 49] ) viewpoint in several papers. The long-time behavior and well-posedness of solutions for the two dimensional Cahn-Hilliard-Navier-Stokes system were proved in [22] . Thanks to the shortage of the uniqueness of solutions, the authors have proved the existence of trajectory attractors for binary fluid mixtures in 3D in [23] . In [24] , the authors have considered the instability of two-phase flows and provided a lower bound on the dimension of the global attractor of the Cahn-Hilliard-Navier-Stokes system. The existence of pullback exponential attractor for a two dimensional Cahn-Hilliard-Navier-Stokes system in [7] . In [43] , the author has proved the existence of pullback attracots for a two dimensional non-autonomous Cahn-HilliardNavier-Stokes system. Recently, the authors have considered the Cahn-Hilliard-Navier-Stokes system with moving contact lines and proved any suitable global energy solution will convergent to a single equilibrium in [25] . In [11] , the authors have proved the well-posedness of solutions for the viscous Cahn-Hilliard-Navier-Stokes system with dynamic boundary conditions and considered the regularity of the weak solutions under some additional assumptions that φ t (0) ∈ H 1 (Ω, dσ) and u t (0) ∈ H. However, to the best of our knowledge, there are no results related to the existence of a finite dimensional global attractor for the dissipative dynamical system with dynamical boundary conditions.
In this paper, we will consider the well-posedness and the long-time behavior of solutions for the Cahn-HilliardNavier-Stokes system with dynamical boundary conditions and a polynomial growth nonlinearity of arbitrary order. When we consider the long-time behavior of solutions for the Cahn-Hilliard-Navier-Stokes system with dynamic boundary conditions, there are two difficulties: first of all, comparing to Cahn-Hilliard equation with dynamic boundary conditions, since the the coupled term arises and the additional assumptions that φ t (0) ∈ H 1 (Ω, dσ) and u t (0) ∈ H specified in Lemma 2.3 of [11] can not be obtained for the weak solution at sufficiently large time in general such that we cannot obtain the existence of an absorbing set for problem (1.1)-(1.7) in a more regular phase space than H × V I . Secondly, comparing to the Cahn-Hilliard-Navier-Stokes system with Neumann boundary conditions, thanks to
it is very tricky to deal with these two terms on the right hand side such that we cannot choose ∆ 2 φ as a test function to prove the smooth property of the difference of two solutions and the differentiability of the corresponding semigroup on the global attractor for problem (1.1)-(1.7). Therefore, the standard scheme of estimating the fractal dimension of the global attractor does not work. To overcome this difficulty, inspired by the idea of the method of ℓ-trajectories for any small ℓ > 0 proposed in [33] , in this paper, we first define a semigroup {L t } t≥0 on some subset X ℓ of L 2 (0, ℓ; H ×V I ) induced by the semigroup {S I (t)} t≥0 generated by problem (1.1)-(1.7), and then, we prove the existence of a global attractor A ℓ in X ℓ for the semigroup {L t } t≥0 by the method of ℓ-trajectories and estimate the fractal dimension of the global attractor by using the smooth property of the semigroup {L t } t≥0 . Finally, by defining a Lipschitz continuous operator on the global attractor A ℓ , we obtain the existence of a finite dimensional global attractor A in the original phase space H × V I for problem (1.1)-(1.7).
Throughout this paper, let C be a generic constant that is independent of the initial datum of (u, φ). Define the average of function φ(x) over Ω as
Preliminaries
In order to study the problem (1.1)-(1.7), we introduce the space of divergence-free functions defined by
Denote by H and V the closure of V with respect to the norms in (L 2 (Ω)) 2 and (H 1 0 (Ω)) 2 , respectively. We define the Lebesgue spaces as follows
, where the measure dσ = dx| Ω ⊕ dS | Γ onΩ is defined by σ(A) = |A ∩ Ω| + S (A ∩ Γ) for any measurable set A ⊂Ω.
We also define the Sobolev space H 1 (Ω, dσ) as the closure of C 1 (Ω) with respect to the norm given by
for any φ ∈ C 1 (Ω), denote by X * the dual space of X and let H s (Ω), H s (Γ) (s ∈ R) be the usual Sobolev spaces. In general, any vector θ ∈ L p (Ω, dσ) will be of the form (θ 1 , θ 2 ) with θ 1 ∈ L p (Ω, dx) and θ 2 ∈ L p (Γ, dS ), and there need not be any connection between θ 1 and θ 2 .
Let the operator A :
* be associated with the bilinear form defined by
Next, we recall briefly some lemmas used to prove the well-posedness of weak solutions and the existence of a finite dimensional global attractor for problem (1.1)-(1.7).
Lemma 2.2. ( [19, 35] ) Let Ω ⊂ R 2 be a bounded domain with smooth boundary Γ. Consider the following linear problem
N. Then the following estimate holds
for some constant C > 0. [10, 30, 33, 34, 41] 
. Let X be a Banach space and let X 0 , X 1 be separable and reflexive Banach spaces such that
where ℓ is a fixed positive constant.
Definition 2.1. ([40, 44]) Let {S (t)} t≥0 be a semigroup on a Banach space X. A set A ⊂ X is said to be a global attractor if the following conditions hold: (i) A is compact in X.
(ii) A is strictly invariant, i.e., S (t)A = A for any t ≥ 0.
(iii) For any bounded subset B ⊂ X and for any neighborhood
such that S (t)B ⊂ O(A) for any t ≥ τ 0 . 
Lemma 2.5. ([34]) Let X be a (subset of) Banach space and (S (t), X) be a dynamical system. Assume that there exists a compact set K ⊂ X which is uniformly absorbing and positively invariant with respect to S (t). Let moreover S (t) be continuous on K. Then (S (t), X) has a global attractor.

Definition 2.2. ([40, 44]) Let H be a separable real Hilbert space. For any non-empty compact subset K ⊂ H, the fractal dimension of K is the number
d f (K) = lim sup ǫ→0 + log(N ǫ (K)) log( 1 ǫ ) , where N ǫ (K) denotes
Lemma 2.7. ([34]) Let X and Y be two metric spaces and f : X → Y be α-Hölder continuous on the subset
A ⊂ X. Then d F ( f (A), Y) ≤ 1 α d F (A, X).
In particular, the fractal dimension does not increase under a Lipschitz continuous mapping.
Finally, we give the definition of weak solutions for problem (1.1)-(1.7).
is given by the fourth equation of (1.1)
for all test functions v ∈ V and ψ, θ ∈ W = {w ∈ H 1 (Ω, dσ) : mw = 0}.
The well-posedness of weak solutions
In this section, for the sake of completeness, we give the proof of the well-posedness of weak solutions for problem (1.1)-(1.7). Now, we state it as follows.
, there exists a unique weak solution (u(t), φ(t)) for problem (1.1)-(1.7) such that mφ(t) = mφ 0 , which depends continuously on the initial data (u 0 , φ 0 , θ 0 ) with respect to the norm in H × H 1 (Ω, dσ).
Proof. We first prove the existence of weak solutions for problem (1.1)-(1.7) by the Faedo-Galerkin method (see [11, 44] ). Let A 1 = −P∆ is the Stokes operator and P is the Leray-Helmotz projector from L 2 (Ω) onto H. It is well-known that for the eigenvalue problem A 1 ω = κω, where there exists a sequences of non-decreasing numbers {κ n } ∞ n=1 and a sequences of functions {ω n } ∞ n=1 , which are orthonormal and complete in H such that for every k ≥ 1, we have
We also introduce the operator N which is the inverse of the Laplacian operator −∆, where −∆ is endowed with Neumann boundary conditions imposing zero average over the domain Ω. It is well-known that there exists a sequences of non-decreasing numbers {λ n } ∞ n=1 and a sequences of functions {ψ n } ∞ n=1 , which are orthonormal and complete in L 2 (Ω) such that λ 1 = 0 and ψ 1 = 1 as well as for every k ≥ 2, we have
For any n ≥ 1, we introduce two finite-dimensional spaces W n = span{ψ 1 , ..., ψ n } and H n = span{ω 1 , ..., ω n }. Let P n be the orthogonal projector from L 2 (Ω) to W n and let Π n be the orthogonal projector from H to H n . Consider the approximate solution (u n (t), φ n (t), µ n (t)) in the form
we obtain (u n (t), φ n (t)) from solving the following problem for any v ∈ H n and ψ, θ ∈ W n .
Repeating the similar argument as in [11] , we can obtain the local (in time) existence of (u n (t), φ n (t), µ n (t)). Next, we will establish some a priori estimates for (u n (t), φ n (t), µ n (t)). Let v = u n , ψ = µ n and θ = φ n in equation (3.1), we find
where
dr, respectively, are the primitive function of f and g. Let θ = 1 in the third equation of (3.1), we obtain
Combining (1.4)-(1.7) and (3.2)-(3.3) with Hölder inequality and Young inequality, we find that there exist two positive constants δ and ̺ such that
From the classical Gronwall inequality, we infer
From (1.4)-(1.7), we deduce that there exist four positive constants δ 1 , δ 2 , k 1 and k 2 such that
By virtue of (3.5)-(3.6), we obtain
Integrating (3.4) from 0 to t, we obtain
Due to (3.3) and (3.7)-(3.8), we find
such that we can extract subsequences
From (1.4)-(1.7) and (3.7), we obtain
We infer from (1.4)-(1.7), (3.7)-(3.8), Sobolev embedding Theorem and Lemma 2.2 that
entails one can extract a subsequence
For any v ∈ V, set v n = Π n v, we have
For any ψ ∈ H 1 (Ω, dσ), set ψ n = P n ψ, we have
which implies that
Therefore, we can extract subsequences {
, respectively, such that
By virtue of the Aubin-Lions compactness theorem, we can extract a further subsequence (still denote by {u n j } ∞ j=1 and {φ n j } ∞ j=1 ) such that additionally
12)
From (3.9)-(3.10), (3.12)-(3.13) and Lemma 2.1, we obtain
Hence, we have
Thanks to
Therefore, a weak solution (u, φ) for problem (1.1)-(1.7) has been proved, and we infer u(t) ∈ C(R + ; H) and φ(t) ∈ C(R + ; H 1 (Ω, dσ)) from lemma 2.3. Finally, we prove the uniqueness and the continuous dependence on the initial data of the solutions. Let (u 1 , φ 1 , p 1 ), (u 2 , φ 2 , p 2 ) be two solutions for problem (1.1)-(1.7) with the initial data (u 1 0 , φ 1 0 , θ 1 0 ), (u 2 0 , φ 2 0 , θ 2 0 ), respectively, and then (u, φ, p) satisfies the following equations
(3.16) Equation (3.16) is subject to the following boundary conditions
(3.18)
Multiplying the first equation and the third equation of (3.16) by u, −λ∆φ, respectively, and integrating by parts, we find 1 2
where we use the following Gagliardo-Nirenberg inequality:
) φ H 1 (Ω,dσ) (3.21) and
we infer from (3.19)-(3.22) and Young inequality that
Therefore, we conclude from (3.8), (3.11) and (3.24) that
From the classical Gronwall inequality, we obtain
in Γ, and (u(x, t), φ(x, t)) depends continuously on the initial data (u 0 , φ 0 , θ 0 ) with respect to the norm in H ×H 1 (Ω, dσ). The proof of Theorem 3.1 is completed.
there exists a subsequence converging ( * -) weakly in spaces
For every fixed I ∈ R, let V I = {φ ∈ H 1 (Ω, dσ) : mφ = I}, by Theorem 3.1, we can define the operator semigroup {S I (t)} t≥0 in H × V I by S I (t)(u 0 , φ 0 , θ 0 ) = (u(t), φ(t)) = (u(t; (u 0 , φ 0 , θ 0 )), φ(t; (u 0 , φ 0 , θ 0 ))) for all t ≥ 0, which is (H × V I , H × V I )-continuous, where (u(t), φ(t)) is the solution of problem (1.1)-(1.7) with (u(x, 0), φ(x, 0)) = (u 0 , φ 0 , θ 0 ) ∈ H × V I .
The existence of global attractors
The existence of a global attractor in X ℓ
In this subsection, we will consider the existence of global attractors for problem (1.1)-(1.7) by using the ℓ-trajectory method. From Theorem 3.1, we know that the solution (u(t), φ(t)) of problem (1.1) for any χ ∈ X ℓ . The mapping b :
for any (u 0 , φ 0 , θ 0 ) ∈ H × V I and we define the operators L t : X ℓ → X ℓ by the relation
for any (u 0 , φ 0 , θ 0 ) ∈ H × V I , where (u, φ) is the unique solution of problem (1.1)-(1.7) with initial data (u 0 , φ 0 , θ 0 ), we can easily prove the operators {L t } t≥0 is a semigroup on X ℓ . Next, we will carry out some a priori estimates to obtain the existence of absorbing sets for problem (1.1)-(1.7). 
Proof. From (3.5), we infer that for any bounded subset B ⊂ H × V I , there exists a time τ 0 = τ 0 (B) > 0 such that
Integrating (4.1) from 0 to ℓ and combining (3.6), we obtain
Integrating (4.2) from r to t + r and integrating the resulting inequality with respect to r over (0, ℓ), we obtain
Therefore, for any bounded subset B ⊂ H × V I , there exists a time
for any t ≥ τ 1 .
we infer from Theorem 4.1 that there exists a time t 0 = t 0 (B 0 ) ≥ 0 such that for any t ≥ t 0 , we have 
In what follows, we prove the existence of a compact absorbing set in X ℓ of the semigroup {L t } t≥0 . 
Proof. From the proof of Theorem 4.1 and Corollary 4.2, we know that there exists a t 0 = t 0 (B
for any t ≥ t 0 . Integrating (4.1) between t − s and t + ℓ with t
, we obtain
After integrating (4.5) with respect to s over (0, ℓ 2 ) and combining (4.4), we have
for any t ≥ t 0 + ℓ 2 . It follows from Lemma 2.2 and (4.4), (4.6) that
for any t ≥ t 0 + ℓ 2 . From the proof of Theorem 3.1, we conclude
and
Integrating (4.8)-(4.9) over (t, t + ℓ) and combining (4.6)-(4.7) with Hölder inequality, we obtain
equipped with the following norm
From , there exists a sequence of trajectories
From the proof of the existence of weak solutions for problem (1.1)-(1.7), we deduce that for any T > 0, there exists a subsequence converging ( * -) weakly in spaces
. Therefore, we obtain χ 0 ∈ X ℓ from Corollary 3.1. It remains to show that e 0 (χ) ∈ B 1 . Since B 1 is closed, e t (χ 0 ) ∈ B 1 for almost all t ∈ [0, 1]. In particular, e t n (χ 0 ) ∈ B 1 for any sequence t n with t n → 0. Proof. For any fixed t > 0, let (u 1 , φ 1 , p 1 ), (u 2 , φ 2 , p 2 ) be two solutions for problem (1.1)-(1.7) with the initial data (u 1 0 , φ 1 0 , θ 1 0 ), (u 2 0 , φ 2 0 , θ 2 0 ), respectively, and
), (4.11) where
Let s ∈ (0, ℓ) and integrating (4.11) from s to t + s, we obtain
From the classical Gronwall inequality, we deduce
), (4.13) where
is a finite number depending on (u 1 0 , φ 1 0 , θ 1 0 ) and (u 2 0 , φ 2 0 , θ 1 0 ) by using Theorem 3.1. Integrating (4.13) with respect to s for 0 to ℓ, we obtain 
In what follows, we prove the smooth property of the semigroup {L t } t≥0 to estimate the fractal dimension of the global attractor A ℓ . 
where M ℓ (t) is given in (4.14).
Proof. For any 
), (4.16) where
For any t ≥ ℓ, integrating (4.16) from t − s to t + ℓ with s ∈ [0, ℓ 2 ], we conclude
.
It follows from the classical Gronwall inequality that 
).
We deduce from the classical Gronwall inequality that
Combining (4.17) with (4.18), we obtain
Integrating the above inequality over (0, ℓ 2 ) with respect to s, we obtain
ds.
Thanks to M ℓ (t) is bounded for any fixed t ∈ [ℓ, S ], we obtain
It follows from the Sobolev trace Theorem and Lemma 2.2 that
ds. (4.19) Thanks to (4.20) and 
The existence of a global attractor in H × V I
In this subsection, we prove the existence of a finite dimensional global attractor in H × V I of the semigroup generated by problem (1.1)-(1.7) . Proof. For any χ 1 , χ 2 ∈ A ℓ , let (u 1 (t + τ), φ 1 (t + τ)) = L t χ 1 , (u 2 (t + τ), φ 2 (t + τ)) = L t χ 2 and let u = u 1 − u 2 , φ = φ 1 − φ 2 . Thanks to e 0 (χ 1 ) and e 0 (χ 2 ) is uniformly bounded in H × V I for any χ 1 , χ 2 ∈ A ℓ , from the proof of Theorem 3.1, we obtain ) ds.
Thanks to (4.14), we know that
which implies that the mapping e 1 : A ℓ → A is Lipschitz continuous. Proof. From Lemma 2.7, Theorem 4.5 and Theorem 4.6, we know that A is compact and the fractal dimension of A is finite. As a result of L t A ℓ = A ℓ , we have S I (t)A = S I (t)e 1 (A ℓ ) = e 1 (L t A ℓ ) = e 1 (A ℓ ) = A for any t ≥ 0. From the definition of B 1 , we deduce that for any bounded subset of H × V I , there exists some timē t =t(B) such that for any t ≥t, we have S I (t)B ⊂ B 1 . From the definition of B 1 , we deduce that there exists χ n ∈ B ℓ 0 such that (u n , φ n ) = e 0 (χ n ).
Since {χ n } ∞ n=1 is bounded in X ℓ and A ℓ is a global attractor in X ℓ of the semigroup {L t } t≥0 generated by problem (1.1)-(1.7), there exist a subsequence {χ n j } ∞ n=1 of {χ n } ∞ n=1 and a subsequence {t n j } ∞ n=1 of {t n } ∞ n=1 such that L t n j −ℓ χ n j → χ ∈ A ℓ in X ℓ for as j → +∞.
Thanks to the continuity of e 1 , we have S I (t n j )(u n j , φ n j ) = e 1 (L t n j −ℓ χ n j ) → e 1 (χ) ∈ A in H × V I as j → +∞, which contradicts with (4.25).
